In this study, the steady laminar mixed convection boundary layer flow of a nanofluid near the stagnation-point on a vertical plate with prescribed surface temperature is investigated. Here, both assisting and opposing flows are considered and studied. Using appropriate transformations, the system of partial differential equations is transformed into an ordinary differential system of two equations, which is solved numerically by shooting method, coupled with Runge-Kutta scheme. Three different types of nanoparticles, namely copper Cu, alumina Al 2 O 3 and titania TiO 2 with water as the base fluid are considered. Numerical results are obtained for the skin-friction coefficient and Nusselt number as well as for the velocity and temperature profiles for some values of the governing parameters, namely, the nanoparticle volume fraction parameter ߶ and mixed convection parameter λ It is found that the highest rate of heat transfer occurs in the mixed convection with assisting flow while the lowest one occurs in the mixed convection with opposing flow. Moreover, the skin friction coefficient and the heat transfer rate at the surface are highest for copper-water nanofluid compared to the alumina-water and titania-water nanofluids.
INTRODUCTION
Nanofluids are a new class of nanotechnologybased heat transfer fluids engineered by dispersing nanometer-scale solid particles with typical length scales on the order of 1 to 100 nm in traditional heat transfer fluids . Nanoparticles have different shapes such as: spherical, rod-like or tubular shapes and so on. Choi (1995) was the first who introduced the term of nanofluids to describe this new class of fluid. There are mainly two techniques used to produce nanofluids which are the single-step and the two-step methods (Akoh et al., 1978) and Eastman et al. (1997) . Both of these methods have advantages and disadvantages as discussed by Wang and Mujumdar (2007) . The presence of the nanoparticles in the fluids increases appreciably the effective thermal conductivity of the fluid and consequently enhances the heat transfer characteristics. This fact has attracted many researchers such as Abu-Nada (2008), Tiwari and Das (2007) , Maïga et al. (2005) , Oztop and Abu-Nada (2008) and Nield and Kuznetsov (2009) to investigate the heat transfer characteristics in nanofluids.
The concept of a boundary layer is one of the most important ideas in understanding transport processes.
The essentials of the boundary-layer theory had been presented in 1904 by Prandtl in a paper that revolutionized fluid mechanics. Free convection is caused by the temperature difference of the fluid at different locations and forced convection is the flow of heat due to the cause of some external applied forces. The combination of free convection and forced convection is called as mixed convection. Mixed convection flows, has many important applications in the fields of science and engineering. The majority of treatments of this problem are limited to cases in which the flow is directed vertically upward (assisting flow), while the situation when the flow is directed downward (opposing flow).
It appears that separation in mixed convection flow was first discussed by Merkin (1969) , who examined the effect of opposing buoyancy forces on the boundary layer flow on a semi-infinite vertical flat plate at uniform temperature in a uniform free stream. This problem was studied further by Wilks (1973) and Hunt and Wilks (1980) , who also considered the case of uniform flow over a semi-infinite flat plate heated at a constant heat flux rate. Chen and Mucoglu (1975) have investigated the effects of mixed convection over a vertical slender cylinder due to the thermal diffusion with the prescribed wall temperature and the solution was obtained by using the local non-similarity method. Further, Mahmood and Merkin (1988) have solved this problem using an implicit finite difference scheme. Ishak et al. (2007a) analyzed the effects of injection and suction on the steady mixed convection boundary layer flows over a vertical slender cylinder with a free stream velocity and a wall surface temperature proportional to the axial distance along the surface of the cylinder. Grosan and Pop (2011) have studied the axisymmetric mixed convection boundary layer flow past a vertical cylinder.
Among the earlier studies reported in the literature, Ridha (1996) , Merkin and Mahmood (1990) and Wilks and Bramley (1981) have studied the mixed convection boundary layer flow over an impermeable vertical flat plate. In such cases, the mixed convection flows are characterized by the buoyancy parameter λ which depends on the flow configuration and the surface heating conditions, where λ > 0 for assisting flow and λ < 0 for opposing flow. When the buoyancy effects are negligible, i.e., when λ = 0, the problem corresponds to forced convection flow past a flat surface.
In modeling boundary layer flows and heat transfer the boundary conditions that are usually applied are either a prescribed surface temperature or a prescribed surface heat flux. Perhaps the simplest case of this is when there is a linear relation between the surface heat transfer and surface temperature. This situation arises in conjugate heat transfer problems (Merkin and Pop, 1996) .
Motivated by the above investigations, the present paper studies when the mixed convection boundary layer flow is introduced normal to the vertical plate. The study has been motivated by the need to determine the thermal performance of such a system. A technique for improving heat transfer is using solid particles in the base fluids, which has been used recently in many papers. The term nanofluid refers to fluids in which nano-scale particles are suspended in the base fluid and it has been suggested by Choi (1995) . The comprehensive references on nanofluid can be found in the recent book by Das et al. (2007) and in the review papers by Buongiorno (2006) . Such as above researchers we employed a similarity transformation that reduces the partial differential boundary layer equations to a nonlinear third-order ordinary differential equation before solving it numerically. A large amount of literatures on this problem has been cited in the books by Schlichting and Gersten (2000) and Leal (2007) as well as in the paper by Ishak et al. (2007b) . We use a numerical technique, combination of shooting method and 4th order Runge-Kutta for solving the governing equations of mixed convection. Finally, we discuss on the effect of solid volume fraction of nanoparticles as well as their types on the fluid flow and heat transfer characteristics and show that nanofluid enhances the thermal conductivity, which is generally low for a regular fluid. 
NANOFLUID FLOW ANALYSIS AND MATHEMATICAL FORMULATION
Consider the problem of steady mixed convection boundary layer flow of a nanofluid near the stagnationpoint on a vertical flat plate. It is assumed that the nanoparticles are in thermal equilibrium and no slip occurs between them. The thermophysical properties of the fluid and nanoparticles are given in Table 1 (Oztop and Abu-Nada, 2008) .
We select a coordinate frame in which x-axis is extending along the surface, while the y-axis is measured normal to the surface of the plate and is positive in the direction from the surface to the fluid (Fig. 1) . It is assumed that the x-component velocity of the flow, external to the boundary layer, U(x) and the temperature, T w (x) of the plate are proportional to the distance from the stagnation-point. U(x) = αx and T w (x) = T ∞ + bx, where α and b are constants with α >0. The assisting flow (b>0) occurs if the upper half of the plate is heated while the lower half of the plated is cooled. In this case, with considering the buoyancy force the flow near the heated plate tends to move upward and the flow near the cooled plate tends to move downward, therefore this behavior acts to assist the main flow field. The opposing flow (b<0) occurs if the upper part of the plate is cooled while the lower part of the plate is heated (Lok et al., 2009) . Under these assumptions and following the nanofluid model proposed by Tiwari and Das (2007) , the governing equations for the continuity, momentum and energy in laminar incompressible boundary layer flow in a nanofluid can be written as:
subject to the boundary conditions:
By employing the generalized Bernoulli's equation, in free-stream, Eq. (2) becomes:
Substituting (5), Eq. (2) can be written as:
Here, u and v are the velocity components along the x and y axes, respectively, T is the temperature of the nanofluid, β f and β s are the thermal expansion coefficients of the base fluid and nanoparticle, respectively, µ nf is the viscosity of the nanofluid, α nf is the thermal diffusivity of the nanofluid and ρ nf is the density of the nanofluid, which are given by:
where, ߶ = The nanoparticle volume fraction ρ f = The density of the base fluid ρ s = The density of the nanoparticle µ f = The viscosity of the base fluid k f and k s = The thermal conductivity of the base fluid and nanoparticle, respectively k nf = The effective thermal conductivity of the nanofluid approximated by the MaxwellGarnett model (Oztop and Abu-Nada, 2008) We look for a similarity solution of Eq. (1), (2) and (3) with the boundary conditions (4) of the following form:
where, ψ is the stream function and is defined in the usual way as u = ∂ψ / ∂y and v = -∂ψ/ ∂x so as to identically satisfy Eq. (1), and υ f is the kinematic viscosity of the fluid. By Substituting (8) into Eq. (2) and (3), we obtain the following ordinary differential equations:
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Here, primes denote differentiation with respect to η, Pr = υ f /α f is the Prandtl number and λ is the buoyancy or mixed convection parameter, which is defined as:
(1 )
where, Gr x and Re x are, respectively the local Grashof number and the Reynolds number. We notice that λ is a constant, with λ>0 and λ<0 corresponding to assisting and opposing flows, respectively, while λ = 0 represents the case when the buoyancy force is absent (forced convection). The physical quantities of interest are the skin friction coefficient a C f and the local Nusselt number Nu x , which are defined by: , .
Using the similarity variables (8), we obtain:
RESULTS AND DISCUSSION
The nonlinear ordinary differential Eq. (9) and (10) subject to the boundary conditions (11) have been solved numerically for some values of the mixed convection parameter λ, volume fraction parameter ߶ as well as the types of nanofluid, by using the combination of shooting method and 4th order Runge-Kutta method. First, we convert the equations into Initial Value Problems (IVPs) by using shooting method. Then the results obtained numerically by 4th order Runge-Kutta method. In this study we have fixed the Prandtl number Pr to be 6.2 and also we have considered λ = 1, 0 and -1. It is worth mentioning that λ = 0 (α → ∞) corresponds to a forced convection fluid flow and λ ≠ 0corresponds to a mixed convection flow.
We consider three different types of nanoparticles, namely Cu, Al 2 O 3 and TiO 2 with water as the base fluid. The thermophysical properties of the base fluid and the nanoparticles are listed in Table 1. Table 2 presents the numerical values of dimensionless skin friction coefficient and local Nusselt number for some values of λ and ∅. It can be noticed that both skin friction coefficient and local Nusselt number increase when all two parameters increase. Also we can say that the shear stress and rate of heat transfer change by using different types of nanofluid. This means that the types of nanofluid will be important in the cooling and heating processes. Figure 2 show the velocity profiles for various values of the volume fraction parameter ߶ in the case of Cu-water when λ = 1 (assisting flow). It is noted that the velocity boundary layer decreases with the volume fraction parameter. This is due to the fact that the presence of nano-solid-particles leads to further Figure 3 is presented to show the effect of the nanoparticles volume fraction (Cu) on temperature distribution. From this figure, when the volume of copper nanoparticles increases, the thermal conductivity increases, and then the thermal boundary layer thickness increases.
The effect of the nanoparticles volume fraction on velocity and temperature distributions in the case of Cuwater when λ = 0 (forced convection) are illustrated in Fig. 4 and 5, respectively. It is observed that the velocity boundary layer decreases while the thermal boundary layer increases when ߶ increases. Comparing with the Fig. 2 and 3 , we conclude that the flow strength also increases while the temperature gradient decreases with increasing of buoyancy or mixed convection parameter. Figure 6 and 7 respectively display the velocity and temperature profiles for different values of ∅ when λ = -1 (opposing flow) for Cu-water nanofluid. As shown in these figures, similar to opposing flow and forced convection flow, the velocity boundary layer decreases the lowest temperature gradient is belong to the same one. This is because, increasing of the buoyancy parameter cause more assisting on the main flow so that the velocity distribution increases and the temperature distribution decreases with increasing λ. nanoparticle (compared to Al 2 O 3 and TiO 2 ) has the smallest velocity and thermal boundary layer. This is because Cu has the highest value of thermal conductivity compared to other nanofluid particles. The reduced value of thermal diffusivity leads to higher temperature gradients and, therefore, higher enhancement in heat transfers. The Cu nanoparticle has higher values of thermal diffusivity (compared to Al 2 0 3 and Ti0 2 ) and therefore, this reduces the temperature gradients which will affect the performance of Cu nanoparticle. Figure 10 and 11 respectively show the velocity and temperature profiles for different kind of nanoparticles when ߶ = 0.2 and λ = 0 (forced convection). It is shown that Al 2 O 3 nanoparticle has the highest velocity and temperature boundary layer while the lowest one is belong to Cu nanoparticle. The thermal conductivity of Al 2 O 3 is approximately one tenth of Cu, as given in Table 1 . However, a unique property of Al 2 O 3 is its low thermal diffusivity. The reduced value of thermal diffusivity leads to higher temperature gradients.
The velocity and temperature profiles for different kind of nanoparticles when ߶ = 0.2 and λ = -1 (opposing flow) are shown in the Fig. 12 and 13, respectively. It is observed that the highest velocity is related to the assisting flow case while the lowest one is for the opposing flow. Unlike the lowest temperature gradient is related to the assisting flow while the highest one is for opposing flow. Figure 14 and 15 present the variation of the skin friction coefficient and the local Nusselt number for different types of nanofluids when Pr = 6.2 and λ = 1 (assisting flow), respectively. It is observed that both the skin friction coefficient and the local Nusselt number increase when ∅ increases and Cu has the highest skin friction coefficient and local Nusselt number compared to TiO 2 and Al 2 O 3 . It is noted that the lowest heat transfer rate is obtained for the nanoparticles TiO 2 due to the domination of conduction mode of heat transfer. This is because TiO 2 has the lowest value of thermal conductivity compared to Cu and Al 2 O 3 , as can be seen from Table 1 . This behavior of the local Nusselt number (heat transfer rate at the surface) is similar to that reported by Oztop and AbuNada (2008) . It is also showed that the Al 2 O 3 has the lowest skin friction coefficient. Figure 16 and 17 show the same variation for λ = 0 (forced convection). As volume fraction of nanoparticles increases, the local Nusselt number and skin friction coefficient become larger especially in the case of assisting flow with respect to the forced convection flow. It is concluded that higher rate of heat transfer occurs in the assisting flow case.
Finally, Fig. 18 and 19 are prepared to present the effect of volume fraction of nanoparticles on the skin friction coefficient and the local Nusselt number for different types of nanofluids in the case of λ = -1 (opposing flow), respectively. It is observed from Fig. 14 to 19 that the mixed convection with assisting flow has the highest rate of heat transfer and the mixed convection with opposing flow has the lowest rate of heat transfer. 
FINAL REMARKS
The steady mixed convection boundary layer flow on a vertical plate immersed in a nanofluid with the prescribed external flow and surface temperature were theoretically investigated. The governing partial differential equations were transformed into a system of nonlinear ordinary differential equations using a similarity transformation, before being solved numerically by combination of the shooting method and 4th order Runge-Kutta. The effects of the mixed convection parameter λ and of the solid volume fraction ∅ on the flow and heat transfer characteristics are determined for three kinds of nanofluids: copper (Cu), alumina (Al 2 O 3 ) and titania (TiO 2 ). Some important points can be drawn from the obtained results such as
• For all values of the mixed convection parameter (λ = 1, 0 -1), velocity boundary layer thickness decreases when volume fraction ∅ increases. Besides, the thermal boundary layer thickness increases with the volume fraction parameter.
• The highest value of the velocity and the lowest temperature gradient appear in the case of assisting flow while the lowest velocity and the highest temperature gradient is for opposing flow case.
• The type of nanofluid is a key factor for heat transfer enhancement. The highest values are obtained when using Cu nanoparticles compared to Al 2 O 3 and TiO 2 nanoparticles.
• The difference in heat transfer, using different nanofluids, increases with increasing the value of volume fraction of nanoparticles.
• The highest rate of heat transfer occurs in the mixed convection with assisting flow while the lowest one occurs in the mixed convection with opposing flow.
• The effect of solid volume fraction of nanoparticles on the fluid flow and heat transfer characteristics was found to be more pronounced compared to the type of the nanoparticles. 
